TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 298, Number 2, December 1986

RECURSIVE LABELLING SYSTEMS AND
STABILITY OF RECURSIVE STRUCTURES IN
HYPERARITHMETICAL DEGREES

C.J. ASH

ABSTRACT. We show that, under certain assumptions of recursiveness in A,
the recursive structure 2% is AY-stable for o < w{X if and only if there is
an enumeration of 2 using a Eg set of recursive X, infinitary formulae and
finitely many parameters from 2. This extends the results of [1].

To do this, we first obtain results concerning A9 paths in recursive labelling
systems, also extending results of [1]. We show, more generally, that a path
and a labelling can simultaneously be defined, when each node of the path is
to be obtained by a A9 function from the previous node and its label.

Introduction. We say that a recursive structure 2 is AQ-stable if, for every
recursive structure B = 2, every isomorphism from B to U is A9 in Kleene’s
hyperarithmetical hierarchy. We shall show that, under certain assumptions, 2 is
AY-stable iff there exists a “formally A9 enumeration of 2.”

The basic outline of our argument is as in [1], where such a result was obtained
for finite a. However, certain technicalities prevent the generalization to infinite
a from being as straightforward as might be expected. The argument seems most
easily described in terms of recursive labelling systems, which were introduced in
(1] for a similar purpose.

The two basic results for a-systems are obtained in §1 and applied in the suc-
ceeding sections to the question of AQ-stability. These basic results are also used
in the related topic of A9-categoricity [2].

In §1 we define the notion of a recursively a-guided recursive labelling system,
or a-system, and in Proposition 1 state the desired result similar to that of [1]
involving the existence of r.e. points of 2N and of labellings of A? paths in an
o-system. To obtain this result for a > w, we need to deal with limit ordinals,
and we frame an analogous result [Proposition 2] for (v,)-systems where (v,) is an
increasing sequence of ordinals. Propositions 1 and 2 are then established by the
Main Lemma.

In §2 we show how the results of §1 apply to showing that structures are not A2-
stable, which is the “difficult direction” of our result. We show in Theorem 1 that
under suitable conditions on 2 there is a recursive structure B and an isomorphism
from B to A which is not AY. In the case where « is a limit ordinal, we also give
in Theorem 2 conditions under which there exists such a B and an isomorphism
which is not AY for any 8 < o.
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The method of proof for Theorems 1 and 2 is a little simpler than that given in
(1]. We comment that the method of [1] allows the assumptions of Theorems 1 and
2 to be slightly weakened.

In §3 we relate the results of §2 to recursive infinitary formulae. Theorem 4 shows
that, under the conditions of Theorem 1, a recursive structure 2 is A9 -stable iff A
has a formally A% enumeration. Theorem 5 gives a similar result for the notion of
A%-stability introduced for Theorem 2.

Theorem 4 can also be expressed in terms of the Scott rank of a structure. For a
suitable notion of rank, we observe in Theorem 6 that a recursive structure 2 sat-
isfying the assumptions of Theorem 4 is A2-stable iff 2 has < 280 automorphisms
and, for some finite p, (A,P) has rank at most «. Lastly in §3, we define A to
be Hyp-stable if for each recursive B = A, each isomorphism is hyperarithmetical.
We note in Theorem 7 that we do not need methods such as those of §1 to deal
with this notion because a recursive structure 2 will be Hyp-stable iff it has fewer
than 2%¢ automorphisms. It follows that, without further assumptions, a recursive
structure A is Hyp-stable iff it is AQ-stable for some a < w{¥K.

Our main interest in this paper is the theoretical problem of finding general
conditions under which a structure is not A%-stable. The examples of conventional
algebraic structures which we have considered do not provide examples of A9-
stability for a > w. However, the notions of §§2 and 3 may be illustrated by
considering structures based on the ordinal numbers, such as (o, <) and (a, <, +).
In §4 we summarize some of the results concerning the stability of such structures.

More details about recursion theory are to be found in [6] and about recursive
structures in [1]. We shall use Kleene’s system O of ordinal notations and the
related notions <g, +¢, and | |g [or just | |] which are described in §11.7 of [6]. The
A9 functions are as defined in §16.8 of [6].

We use the phrase “recursive transfinite induction” to indicate Kleene’s method
for defining a partial recursive function on 0. This consists of taking a partial
recursive function f and using the Recursion Theorem to obtain an e for which
de(a) = f(e,a). The definition of f(n,a) normally involves the restriction ¢i(n a)
of ¢, to {b: b <¢ a}. If this definition guarantees that f(n,a) is defined whenever
Pk(n,a)(b) is defined for all b <¢ a, then it follows by classical transfinite induction
on |a| that ¢.(a) is defined for every a € O.

1. Recursive labelling systems. For applications in this paper, we are inter-
ested only in the metric space 2N. But without much trouble we can obtain the
results of this section for any suitably recursive complete metric space and so we
shall do so.

DEFINITION. A recursive metric space consists of a metric space X, a family
B(X) of nonempty open subsets of X, forming a basis for X, and an enumeration of
B(X) with respect to which the relations o < 7 [the closure of ¢ is a subset of 7] and
6(0) < 1/n [the diameter of ¢ is less than 1/n] are r.e. relations on B(X) x B(X)
and B(X) x N, respectively.

DEFINITION. An r.e. point of a recursive metric space X is an element z of X
such that {c € B(X): z €0} isr.e.

An easily verified equivalent condition is that {z} = (o, for some recursive
sequence (0, ) from B(X) such that 6(o,) — 0 as n — oo.
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We note that, for the space 2N with its usual basis, the r.e. points are the
recursive subsets of N, not the r.e. subsets. This will be the case whenever B(X)
consists of clopen sets and the relation 0 N7 = & on B(X) is r.e., because then
z & o iff, for some r € B(X),z€randoN7=0J.

By a complete recursive metric space, we mean a recursive metric space which
is also complete in the classical sense, without further recursive assumptions. We
need to use only the fact that if (¢,) is a recursive sequence from B(X), 6(a,) — 0
and for each n, 0,41 < 0p, then (o, = {z} where z is an r.e. point. This follows
since z € o iff there exists n for which o, < 0.

When discussing trees, we need to refer frequently to the levels of the nodes, so
we give our definitions in terms of levels and of the predecessor function.

DEFINITION. A tree T consists of disjoint sets {a}, To, T}, ... and a predecessor
function p for which p: Tp41 — Ty, p: To — {a}, and, say, p(a) = a. If p(z) =y
then y is the predecessor of x and z is a successor of y. The set of nodes of T is the
set {a} U (U,,Tn). The apez of T is the node a, and the nodes of T of level n are
the elements of T;,.

[Thus no level is assigned to the element a. In fact, with our present conventions,
the element a plays no essential part in any construction and could be omitted.]

A recursive tree is one for which the set of nodes forms an r.e. set of natural
numbers and the function p is partial recursive. In this case, each set T;, will be
r.e., uniformly in n.

Since the function p completely specifies T', we may define an indez for a recursive
tree to be an index for the partial recursive function p.

A path in T is a sequence ug,uy,... [finite or infinite] for which u, € T, and
p(un+1) = Unp.

A recursive labelling system on a recursive metric space X is a quintuple (T, L, S,
N, F) for which T is a recursive tree, L is an r.e. set, S is an r.e. subset of T x L,
N is an r.e. subset of T X L x T x L, and F is a function from L to subsets of X
for which the relation F(l)No # @ on L x B(X) is r.e.

A labelling of the path ug,u1,... in T is a sequence lg,l1,... from L of the same
length such that, for each n, S(uy,l,) and N(un,ln,un+1,ln+1)- An adherent point
of a labelling (l,,) of an infinite path (u,) is a point £ € X such that, for every open
set U for which x € U, there exists N such that for all n > N, F(l,)NU # &.

[Usually, for a correct labelling, we shall have F(lp) 2 F(l;) D - - -, in which case
r € X is adherent iff z € N, F(l,). This will be the case for the a-systems about to
be considered whenever a > 1. The above definition of an adherent point removes,
to some extent, the need to treat the case where oo = 1 as a special case.]

We proceed to find sufficient conditions under which a nonrecursive path in T
nevertheless has a [nonrecursive] labelling with an r.e. adherent point. For some of
our applications, however, such a result, generalizing that of [1], is not sufficient.
We need also to consider situations where the desired path is determined at each
level, not just by the previous node, but also by its label. We therefore make the
following definitions.

DEFINITIONS. A path-generating function [or instruction] in a recursive labelling

system is a function from T x L to T mapping each (u,!) for which S(u,!) holds to
some successor of u in T'.
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A labelling of an instruction, p, is an infinite path ug,uy,... in T together with
a labelling lo, !y, ... of this path such that, for each n, p(un,l,) = uns1-

We shall show that the existence of suitable relations on L provides a sufficient
condition for every A9 instruction to have a A9 labelling with an r.e. adherent
point.

DEFINITION. Let a < w{¥ and let a = 8+ 1. A recursively a-guided recursive
labelling system [or a-system] is a recursive labelling system (T, L, S, N, F') together
with a notation a € O for a and a family {<,: 1 <~ < a} of uniformly r.e. binary
relations on L, indexed by {c: ¢ <¢ a}, for which conditions (1) to (7) below are
satisfied. [Here <( denotes the partial ordering on O, so that {c: ¢ <o a} is an r.e.
linearly ordered set of order type «. Or course, we do not use in this instance the
notation for 0.]

(1) For each u € Tp and each 0 € B(X) there exists | € L such that S(u,!) and
Fll)no £ .

(2) If S(u,!) and N(u,l,v,m), then S(v,m).

(3) Each «, is reflexive and transitive.

(4) If N(u,l,v,m), then I <g m.
(5) If1 <51 <72 <aandla,, m,thenl<, m.
(8) If L <y m, then F(l) O F(m).

(7) Suppose that S(u,l), F(l)No # &, and v is a successor of u. [Suppose also
that @ > ax > -+ > oy > ag > 1 and that | = I <94, - <o, {1 9, lo where
F(lo) N0 # &.]* Then there exists m for which N(u,l,v,m) and F(m)No # &
land l; 9o, m for 7 =0,1,...,k]*.

*Notes. The two parts of condition (7) in parentheses are to be omitted in the
cases where o = 1 or a = 2. In the case where o = 1, the sequence of <,’s is to be
regarded as the empty sequence and only conditions (1), (2), and (7) are relevant.
In the case where a = 2, we have 8 = 1 and we need only the single relation <, so
condition (5) is irrelevant.

The following result will be established by the Main Lemma.

3
4
5

PROPOSITION 1. Ifl < a < wa, a 15 a successor ordinal and T 1is an a-
system over a complete recursive metric space, then for every AY instruction in T
there is a AY labelling having an r.e. adherent point.

In order to prove this, we introduce similar notions for the case where « is a
limit ordinal. In this case, we restrict our attention to certain particular classes of
AY instructions.

DEFINITION. A special sequence for a limit ordinal « is an increasing sequence
(¥n) of successor ordinals whose limit is a and for which there is a recursive sequence
(cn) of notations from O such that cp < ¢1 <¢ c2 <¢ ---.

In such a case, there will be a notation a € O for a such that each ¢, <o a,
namely a = 3.5¢ where e is an index for the recursive sequence (c,). Conversely, if
a < w§K is any limit ordinal, then one may always obtain a special sequence (7y,)
for o, for example by taking any notation 3.5¢ for o and letting ~, = |@e(n) +0 1]

DEFINITIONS. Let a be a limit ordinal and let (v,) be a special sequence for a.

A special A -instruction w.r.t. (yn) [or (yn)-instruction] in a recursive labelling
system is an instruction p such that, for some recursive sequence (e, ), each e, is a
A9 index for the restriction of p to {(u,l): u € Tp.}.
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A special a-system w.r.t. (v,) [or {yn)-system] is a recursive labelling system
together with, first, a notation a € O for «, second a recursive sequence {c,) of
notations for the (), where cog <o ¢1 <o ‘- <o @, and third, a family {a,: 1 <
v < o} of uniformly r.e. binary relations on L indexed by {c: ¢ <o a} which satisfy
conditions (1), (2), (3), (5) and (6) above and conditions (4)" and (7)" below.

(4)" If N(u,l,v,m) where u € T,, and if v, = B + 1 where 8, > 0, then l<g_ m.

(7)" Suppose that S(u,!), o € B(X) and that v is a successor of u where u € T,,.
Suppose also that v, > ax > --- > a3 > ap > 1 and that I = lx g, -+ o, 1194, lo
where F(lp) No # &. Then there exists m for which N(u,l,v,m), F(m)No # @
and l; 44, mfor 1 =0,1,...,(k-1).

For a (v,)-instruction in a (v,)-system, we may well expect a corresponding
special sort of A2 labelling.

DEFINITION. A (+,)-labelling of an instruction p in a recursive labelling system
is a labelling (un), (In) of p such that, for some recursive sequence (e, ), each e, is
a Agn index for the pair (uny1,lnt1)-

The following result will also be established by the Main Lemma.

PROPOSITION 2. Let (v,) be a special sequence for a limit ordinal o, where
a < wPK and let T be a (y,)-system over a complete recursive metric space. Then
for every {(v,)-instruction in T there is a (v,)-labelling having an r.e. adherent
point.

COMMENTS ON THE MAIN LEMMA. Before proceeding to the statement and
proof of the Main Lemma, we comment that a more intuitive line of argument to
establish Proposition 1 [and similarly Proposition 2] would be as follows.

Given an a-system T, we would construct a uniformly recursive sequence (T, :
1 < ~ < a) for which each T, is a y-system in such a way that for each AQ
instruction p, in T, we could find a sequence (py: 1 < v < a) where each p., is
a A?, instruction in T,. These instructions would be arranged so that each Ag
labelling of p., would determine a Ag +1 labelling of p4; having the same adherent
points.

The T,’s for which ~ is a limit ordinal would be special (v, )-systems w.r.t. some
special sequence (7,) for 4. Then p., would be a (~,)-instruction and a labelling of
Py would be obtained by referring, at the (n + 1)th level of T,, to the labelling of
Py, in T,,.

The path p; in T; would first be labelled to have an r.e. adherent point and
then, proceeding by recursive transfinite induction, a AQ, labelling with the same
adherent point would be obtained for each p., in particular for p,.

A complication which arises in following precisely this outlifie, when « is infinite,
is that each T, must be defined in terms of later T,’s and eventually in terms of T,.
Thus, the definition of the T, and similarly the p, is not by recursive transfinite
induction on 4. Rather, the systems T, need not be defined simultaneously one
level at a time. Thus the nodes of T, of level n and associated parts of T, must
be defined by recursive transfinite induction on some ordinal p(v,n). The function
p depends on some choice of a suitably nested family of special sequences for the
limit ordinals v < a.

So it seems preferable, for the sake of examining the details carefully, to consider
a slight generalization which can be proved more straightforwardly by recursive
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transfinite induction on a. We no longer need to construct the sequence of systems
Ts explicitly, although this remains the intuitive guide and could be constructed
by the same induction.

The generalization which we prove is that for each a-system T, and each § < «
one can obtain a 3-system Tj for which the problem of labelling A instructions
in T, is reducible to that of labelling A% instructions in T3. We make this precise:

DEFINITION. Let T, be an a-system and let 3 < a. A (-precursor of T, consists
of:

(A) a G-system T,

(B) a partial recursive function which assigns to each index for a A-instruction
Po in T, an index for a A%-instruction pg,

(C) a partial recursive function which for each pg obtained from p, as in (B)
assigns to each index a Aj labelling of ps and index for a AY labelling of p, having
at least the same adherent points.

Note. In the case where o [or similarly 8] is a limit ordinal, it is understood
here that by a A%-instruction or A%-labelling we mean a (v, )-instruction or (v,)-
labelling, where (v,,) is the associated special sequence.

PROOF OF PROPOSITIONS 1 AND 2. If Tj is a l-precursor of an a-system
T. and p, is a AQ instruction in T,, then the corresponding recursive instruction
p1 in Ty may easily be recursively labelled, as in Lemma 17 of [1], to have an r.e.
adherent point. Thus, Propositions 1 and 2 follow from the existence of precursors,
to be proved in our Main Lemma.

MAIN LEMMA. If T, is an a-system, § < a and 3 < =g, in the case where a
15 a limit ordinal with special sequence (7y,), then T, has a B-precursor.

PROOF.

1. Method of proof. We define, by recursive transfinite induction on a € 0, a
recursive function which we call the precursor operator which assigns to each index
for an a-system using the notation a for a and to each b € O for which b <¢ a [and
b <o co in the case where « is a limit ordinal and (c,) is the sequence of notations
for the special sequence| an index for a B-precursor, where 8 = |b|.

Thus it is sufficient to describe how to obtain a 3-precursor T of an a-system
T, in terms of given precursors of y-systems T, for v < a.

We need to carry various properties of our precursors through the transfinite
induction. The labels of the precursor of an a-system and the associated definitions
will be obtained from the corresponding notions in the a-system. More generally

DEFINITIONS. An a-set is a system £ = (L, F, 4,),<q satisfying conditions (3),
(5), and (6) of the definition of an a-system.

A determining function for a (-system Tg = (T/j,Lg,Sﬁ,N,@,Fg,dg).y<ﬁ is a
function g: Lg — L for some a-set £ = (L, F,<y)y<a, Where a > § such that, for
alll € Lg, Fa(l) = F(g(!)) and, for all ,m € Lg, v < B, L <5 m iff g(I) <y g(m).

We now add to the desired ingredients of a precursor, the inductive assumption
that our precursor operation also yields:

(D) a determining function g, from T3 to the a-set of T,.

We also need to use the fact that our construction of a precursor of T, is inde-
pendent of those labels of T, which are suitable for no nodes of T,.
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DEFINITION. Let g be a determining function from an a-system T, to an a-set
L, with the notation as above. We say that T, is an a-system w.r.t. g if it satisfies
the following strengthening of condition (7).

(7)* Suppose that S,(u,!), Fo(l)No = &, and v is a successor of u. [Suppose
also that o > ag > -+ > ag > 1, that g(I) = lk <4, - - <a, lo, where F(lp)No # O
and each [; € L rather than L,|. Then there exists m € L, for which N, (u,l,v,m)
and F,(m)No # Q [and [; 44, g(m) for : =0,1,...,k].

In the case where ¢ is a limit ordinal, condition (7)’ is modified in the same way.

We add to our inductive assumptions:

(E) If g is any determining function for T, such that T, is an a-system w.r.t. g,
then T is a B-system w.r.t. the composite g o gag.

We need to use the fact that our precursors and the associated operations depend,
at each level of the tree, only on this level and preceding levels of the corresponding
features of the original a-system.

Notation. For each y-system T, let T* denote the system consisting of the nodes
of T of levels < k, the labels suitable for these nodes, and the restrictions to these
nodes of S, N and (<¢)¢e<.

We add to our inductive assumptions:

(F) For o-systems T, and their S-precursors Tp, each Tﬁk depends only on TJk.

(G) Similarly, the restriction of the function g,g, in (D), to Tﬂk depends only on
Tk.

(H) Likewise, the restriction of pg, in (C), to Tﬁk depends only on the restriction
of pa to T.k.

COMMENT. So, in principle, the precursor operator acts on partial systems T,*
to yield, in (A), the partial system 7;,’“, in (D) a determining function from the labels
of Tﬂk to those of T.* and, in (B) a partial recursive function acting on restriction
of instructions p, to T,*. However, no such requirement is necessary [or indeed
possible] for (C).

We add further to our inductive assumptions two simplifications:

(I) The level 0 nodes and their labels are exactly the same for Tj as for T,. The
function g, is the identity function for such labels.

(J) The labelling of p, given in (C) always has the same level 0 node with the
same label as in the labelling of pg.

Finally, we note that if v < 8 < a, T3 is a S-precursor of T, and T, is the -
precursor of T3, then T, is a suitable choice for a ~y-precursor of Ty, the associated
operations being obtained by composition. It is therefore sufficient to describe how
to obtain a §-precursor of an o-system T, first when o = 8 + 1 [for which we
consider the two cases where 3 is or is not a limit ordinal] and then when « is a
limit ordinal and b = ¢q, where (c,) is the associated sequence of notations. We
now do this in parts 2, 3, and 4 below.

In the case where o = #+ 1 and 3 is a limit ordinal, in order to obtain a -
precursor for T, where ¥ < (3, we must obtain a ~y-precursor for the S-precursor
of To. Thus, the special sequence (v,) for 8 must have y < ~9. We therefore
show in this case that any special sequence for 3 can be used. [This is why, in our
definitions, we did not restrict attention only to the fundamental sequence given
by the notation for 3.]
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2. The case a« = [+ 1 where B is a successor ordinal. Let T, = T =
(T,L,S,N,F,4y)y<a. If a = 3+ 1, we let the B-precursor of T be the system
T'=(T",L',S",N', F', <) <p defined as follows.

The tree T’ consists of all the sequences (ug,ui,...,u,) from T for which each
uk has level k in T and each ug.; is a finite successor of ug. The predecessor of
(uoy Uty ..« un) is (uo, Uty ..., Un—1).

If w = (uo,u1,...,un) and the path in T with last node u, is ro,ry,...,r, [sO
Tn = Uy, then we define S’(u,!) to hold when | = (lo,l1,...,l,) is a labelling in T
of this path. The set L’ consists of all such sequences [. The determining function
g for T' is defined by g(I) = I, and F" and the < are defined according to the
definition of a detrmining function. When all else is done, we may replace (ug) and
(lo) by up and [y for the sake of assumptions (I) and (J).

For u,v € T', I,m € L', we define N'(u,l,v,m) as follows. Let u = (ug, uy,.-.,
Uy ). We require that v = (ug, u, ..., Un,Un+1) for some u, 41 and that S’'(u,!) and
S’(v,m). Thus | = (lg,l1,...,ln) and m = (mg,my, ..., My, My 1) are labellings
in T of paths rg,...,r, and ro,...,74—1,81,...,8n+1, Where 7, = u, and either
Sq # rq or a = n+ 1. Then we let N'(u,l,v,m) hold if, additionally, my = I,
my =l1,...,mq-1 = lg_1, and [, 9, mp4; where 3 = v+ 1. We note that, here,
a > 1, by the definition of T”.

Conditions (1) to (6) for a G-system are straightforward. To see that T’ is a
B-system w.r.t. g also satisfying assumption (E), suppose that T is an a-system
w.r.t. some determining function h from T to an a-set (L, Ft,a¥),<o. We must
verify condition (7)* for T’ and hog.

Suppose, then, that v is a successor of u in T", | € L', S'(u,l), B > ar >

- > ap > 1, and that h(g(l)) = I <f, - - <}, If, where each I € LT and
Fr(§)Nno # @. If B =+ 1, then we may assume that ay = ~, since [} <F I
Using the notation above, we must find a labelling m = (lg,...,lo—1, Mg, -, Mpt+1)
of the path rg,...,7¢_1,84,..-,Sn4+1 in T.

Since ! = (lg,...,l,) is alabelling of a path in the a-system T, we have {,_1 g,
and so h(la—1) <f h(ln) = I} <f, I}_,--- <}, I§. Now by condition (7)* for T
and h, we may find m, € L for which N(rq_1,la—1,84,Ma), F(my) No # I,
h(la-1) <1§ h(mg), and I <4, h(mg) for 0 < i < k. We may then choose the
remaining m; in turn using (7) for T, so that F(m,41) No # &. Then, since
h(ln) = If <f, h(ma) and oy = v, we have I, 9y My 95 Mny1, 50 ln <y Muty
and N’(u,l,v,m). For 0 < i < k, since I <} h(m,) and m, <4g Mmp41, we have
h(mq) qg h(mn41) and so I} <f h(mpy1) = h(g(m)), as required.

For condition (B), given any A9 instruction pin T, we obtain a corresponding Ag
instruction p’ in T’ as follows. Since a = 8 + 1, we may let p(u,l) = lim, p(u,l,s)
where p is a A% function. For v/ € T', I' € L' such that S'(«,l'), let v’ =
(ug,---,un) and I’ = (lg,...,l,). Then !’ is a labelling of the path rq,...,r, in T,
where 7, = u,. We consider the least ¢ for which 7 = n or p(r;,l;,n) # ri+1, and
let p'(u/,!') be (ug, ..., Un,Un+1) where u, 4y is any level (n + 1) node of T which
is a finite successor of p(r;,l;, n).

Then, for condition (C), suppose that (u}) and (I},) form a labelling of p’ in T".
Let v}, = (Uno,Uniy---»rUnn), ln = (lnoyIn1,---,lnn), and let 7p0,7n1,...,Tnn be
the path in T for which 7., = u,,. We may then see, by induction on n, that
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for each n the limits u,, = lim, 75, and I, = lim, l,, exist and that (u,) and (l,)
constitute a labelling of p in T. If z is an adherent point of the labelling () and
U is an open set where z € U, there exists N such that F'(I,) "N U # O for all
n > N. Then for s > n > N we have ls, <43 lss, 50 F(lsn) 2 F(lss) = F'(l}) and
so, for n > N, we have F(I,) NU # &. Thus z is also an adherent point of (l,).

3. The case o = B+ 1 where B ts a limit ordinal. Let (~,) be any special
squence for 5. Then we may obtain a (,)-system as a G-precursor of T, = T in
very much the same way as in the previous case. The only modifications needed
are the following.

In the definition of N’(u,l,v,m), the stipulation l,, <, mp4; where 3 =~y +1
is replaced by I, <g, mn4+1 where v, = B, + 1. In the verification that T’ is a
(vn)-system satisfying condition (E), 3 and ~ are replaced by the appropriate ~,
and f,, respectively.

To obtain a (4, )-instruction p’ for T’ corresponding to the instruction p for T,
we first obtain a recursive sequence (e,) where e, is an index for a Agn function
Pn(u,!) and such that p(u,!) = lim, p,(u,!). The instruction p’ is now obtained in
the same way as before except that p(u,,n) is replaced by p,(u,!).

4. The case where o is a limit ordinal. Let

T = T = (T,L,S,N,F,<7)~,<a

be an a-system and let (~,) be the associated special sequence for o. We must
construct a ~p-precursor of T. We do this by constructing a sequence Tp, T3, ...,
where each T, is a v,-system. Then Tp will be the desired ~o-precursor of T.

The T, are defined simultaneously as follows. The level 0 nodes of T, are exactly
the level n nodes of T, with the same suitable labels. The level k 4+ 1 nodes of T,
and their suitable labels are those of level k of the ~y,-precursor T/, of Tny1. By
assumption (I), the level 0 nodes of T, are those of T,4; and so are level n + 1
nodes of T. Thus we may define the predecessor in T, of each level 1 node to be
as in T. For nodes of T, of levels greater than 1, the predecessors are as in T, ;.

In this way, each T, is defined in terms of T and T,;. However, the definition
is justified since each T,**! depends only on T™ and (Tl 1)k and, by assumption
(F), (T/41)* depends only on T,% ,. Thus the T,* are well defined by induction
on k. [Moreover, each Tnk depends ultimately only on T**+" so 'Q)k depends only
on T, as required by condition (F) for a precursor.] The other ingredients of our
construction are defined by the same form of induction.

Each T, will have a determining function, g,, to the o-set of T. The set, L, of
labels for T, consists of the labels of T suitable for level n nodes of T, on which g,
is the identity function, together with the labels 6f T,/ ; on which g, is gn+1 © hn,
where hy, is the determining function from T, ; to T,41.

The relations S, (u,!) and Ny, (u,l,v,m) for T,, are defined to be as in T if u has
level 0 and as in T, otherwise. The function F' and the relations (<)<, are
defined in the unique way which makes g, a determining function for T,.

To show that Tp is a ~p-system w.r.t. go and satisfies condition (E), we sup-
pose that T is an a-system w.r.t. a determining function h to an o-set Lt =
(L*, F*,at),<q and prove simultaneously that each T, is a v,-system w.r.t. hogs,.

The arguments are, in principle, by induction on the largest level of labels or
nodes involved in each condition for a ~,-system. The effect of this is that we
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may show that T, is a y,-system w.r.t. h o g, under the assumption that T, is
a Yn41-system w.r.t. hog,,1. Conditions (1) to (6) follow immediately from the
definitions.

For condition (7)* for T, and h o g,, suppose that S,(u,l), F,,(I) No # &, and
v is a successor of u in T,. Suppose also that o > ax > -+ > ap > 1 and that
h(gn(l)) =l <f, -+ <, lo where F*(lg)No # & and each [; € L.

First, if u has level 0, then u,v € T, g,(I) = [, and, by (7)* for T and h, there
exists m € L such that N(u,l,v,m), F(m)No # @ and, for 0 < i <k, I; <f, h(m).
But then, by our definitions, m € L,,, Ny, (u,l,v,m), F,(m)No = F(gn(m))No =
F(m)No # @ and, for 0 <4 <k, I; 9f. h(m) = h(gn(m)).

Now suppose that u has level greater than 0. Then u,v are nodes of T/, ;, =
( ;l-l—l’L;'),-{—l’S':L-f-l’N11‘1,+17F7’1,+1’qun)’7<’7n' By our assumption, T,i1 is a Yn41-
system w.r.t. h o g,41, so by the transfinite induction hypothesis T/, is a yn-
system w.r.t. hogn410hy. Thus there exists m € L;, | such that N}, (u,l,v,m),

ne1(m)No # D and, for 1 <0 <k, l; 9f. h(gny1(hn(m))) = h(gn(m)).

For (B), suppose that p is a (~y,)-instruction for T. We obtain a corresponding
A9 instruction po for Ty by simultaneously defining for each n a AY  instruction
pn for T,. On level 0 nodes of T,,, p, acts as p does on level n nodes of T. On
other nodes of T, we let p, act as does pj, , ;, where p/,, is the instruction for
T, assigned to the instruction p,4; for T4 according to (B) of the inductive
hypothesis.

For (C), suppose that A is a A9 labelling of po in Tg. We obtain by straight-
forward induction on n a AJ labelling A, of each p, having the same adherent
points. Having obtained A,, we obtain A,;; as follows. We note that ), consists
of a level 0 node, u,, of T,, and a label, l,, for this, followed by a A?,n labelling
Ang1 of plyyin T/, ;. Part (C) of the inductive hypothesis for T,4; thus yields a
labelling A, +1 of p,+1. The sequence of first nodes, u,, of the A, and their labels,
l,,, then form [using assumption (J) for the T, ;] a labelling A of pin T.

If z is an adherent point of Ag, then it is so for each \,, by (C) of the inductive
hypothesis, and so certainly for n > 1 we have z € [ m for each label | occurring
in An. In particular, z € | F,(l,) for n > 1, so z is an adherent point of .

This concludes the proof.

2. Conditions for instability. Our constructions depend on the “back-and-
forth” relations <g between finite sequences, of the same length, of elements of a
structure A, where § is an ordinal number.

DEFINITION. For each structure 2 we define <g by transfinite induction on
B > 1. We define @ <; b if each finitary universal formula true for @ in 2 is true
for b. We define @ <gy; b if, for each sequence d there exists a sequence ¢ such
that @,¢ > b,d. If 6 is a limit ordinal, we define @ <g bifa <g b for all 8 < 6.

DEFINITION. For each structure 2, each finite sequence p from 2 and each
ordinal @ > 2, we define the subset cl,(p) of A as follows. If « = 3+ 1, then
z € clo(p) if for some @, whenever p,z,a <g p,2’,@, then z = z’. If 6 is a limit
ordinal then cls(p) = g5 cla(P)-

In all the simple examples where 2 is AQ-stable we have A = cl,(p) for some p.
We can prove this in general, provided that we make certain additional assumptions
about the recursiveness of .
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THEOREM 1. Let 2 be a recursive structure such that for no p 1s A = cly ().
Then A 1s not AQ-stable whenever the following conditions are satisfied.

(1) The exzistential diagram of A s recursive.

(2) For some notation a for ., the relations <g on 2 for 1 < B < a are uniformly
r.e. when indezed by {b: b <o a}.

(8) There is a recursive procedure which chooses, for each B, an element x € A
for which = & cly (D).

PROOF. If the domain, A, of U is finite, then clearly A = cl,(p) where A = {p}.
So we may suppose that A = {ag,a1,...} and let B = {bg, by, ...} be any recursive
set. Let L be the language for 2 and let {6p,0;,...} be an enumeration of the
atomic sentences of L(B). We obtain a recursive structure B whose domain is B
by enumerating, during our construction, the atomic diagram D(B) of ‘B, or, in
the terminology of §1, by obtaining an r.e. point z of the metric space X = 2N
with the usual basis as B(X), which yields D(‘B) by

8, € D(B) ifz(k) =1,
-6 € D(B) if z(k) = 0.

(

Thus, the nonempty basic open sets ¢ € B(X) correspond to consistent finite
subsets X(0) of {fx: k € N} U{-0;: k € N}.

Let P be the set of all finite partial one-one functions from B to A. We define
f € P to be coherent w.r.t. 0 € B(X) if there is a bijection g D f from B to A such
that, for each 6(b;,,...,b;,) € E(o) we have A F 0[g(b;,),...,9(bs;,)]. It follows
from assumption (1) that this is a recursive relation between f and o.

The relation <g needed to apply the results of §1 are obtained from similar
relations on P defined as follows.

DEFINITION. For f,g € P and 8 > 1, let f <g g if dom(f) C dom(g) and
ai,..-,an <g b1,...,bn, where {ay,...,a,} = ran(f) and each b; = g(f~(a;)).

We may now prove the following [similarly to Lemmas 3, 4, 5, 6, 7 of [1] and
using the definition of cl,].

LEMMA 1. If f € P is coherent w.r.t. 0 € B(X) then for each@ € A, b
and for each n = 1,2,... there exists g € P and o' € B(X) for which g
@ € ran(g), b € dom(g), 6(c’) < 1/n, and g is coherent w.r.t. o'.

~— —

€ B,
2 f

LEMMA 2. If f <g g and g is coherent w.r.t. o, then f s coherent w.r.t. 0.

LEMMA 3. If f <, g, g is coherent w.r.t. o, g(y) = z, and = & cla(ran(f)),
then for each B < a there exists a coherent h D f for which g <g h and h(y) # z.

LEMMA 4. Ifar>---> a1 > o> 1 and fx 9oy fr—1 %-1""" 4, f1 <a, fo
where fo 18 coherent w.r.t. o € B(X), then there exists g O fi, coherent w.r.t. o,
such that f; <o, g fori=1,2,...,(k-1).

To resume the proof, we define an (« + 1)-system as follows. The nodes of the
tree of level n consist of sequences of the form (uo(mo) = ko, ..., Un-1(Mn-1) =
kn—1) where the p, are symbols corresponding to the partial functions ¢¢ for some
notation a for a. The predecessor function is the usual one for sequences, that is,
the function which deletes the last term of a sequence. In this tree there is, as
well as the apex, a single node of level 0, namely the empty sequence. A suitable
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label for such a node is a pair (f,z) for which f € P, z € A, and z & cl,(ran(f)).
A correct next label on the successor node (uo(mo) = ko, ..., un(mn) = ky) is a
suitable label (g,y) such that ¢ C f, an,z € ran(g), b, € dom(g) and if m,, = z,
then g=!(z) # k.. For each label (f,z), F(f,z) is defined to be the set of points
of 2N which correspond to structures B for which there is an isomorphism from B
to A extending f. This means that F(f,z) No # & iff f is coherent w.r.t. o.

To show that this is an a+ 1-system, we define (f, z) < (g, y) if f <3 g, in the case
where 8 < o, and (f,z) <4 (g,y) if f C g. Clause (7) of the definition then requires
that, given a > ag > - > a1 > ap > 1, fi <oy -+ Yap f1 <oy fo, 0 € B(X), and
z & clo(ran(fx)), where fy is coherent w.r.t. o, there exists g 2 fi for which g is
coherent w.r.t. g, z,a, € ran(g), b, € dom(g), fi<a, g fort =0,...,(k — 1) and
g~ !(z) # k. By Lemma 4 there exists a coherent h for which h D fi and f; <4, h
fori =0,...,(k—1). By Lemma 1 we may choose a coherent h; D h for which
z € ran(h), say ¢ = h(y). By Lemma 3 there exists a coherent hy D fi for which
hi <, _, h2 [since ax_1 < o] and hy(y) # z. By Lemma 1 again, we may choose
a coherent g D hy for which a,,z € ran(g) and b,, € dom(g). So fx C he C g and
thus fx C g, and for ¢ < k, f; <o, h C hy <q,_, h2 C g and thus f; <, g.

The desired instruction is that which proceeds from a node of level n with label
(f,z) to the successor node (..., un(z) = k) for which

ke = ¢%(z) if this is defined,
0 (say) otherwise.

Clearly this is a A%, instruction and so, by Proposition 1, there is a correct
labelling (g,z0), (fo,z1), (f1,%2),... of this instruction having an r.e. adherent
point. Let B be the structure determined by this point and let f = J,, f». Then
f: B = % and for each e, if ¢7 is total then f.!(z.) # #2(z.). Hence f is not AQ.

A logical extension of the notion of stability arises from considering a recursive
structure 2 which is A%-stable, where « is a limit ordinal, but for each 3 < « is not
AY-stable. Then, for each 8 < « there exists B = A such that no isomorphism
from Bs to A is Ag. We ask whether a single such B can be chosen independently
of 8.

DEFINITION. A recursive structure 2 is Ag-stable, where « is a limit ordinal, if
for each recursive B = 2 and each isomorphism f: B = 2 there exists § < a for
which f € AY. [Thus A9 represents the class g, A3

THEOREM 2. Suppose that o is a limit ordinal and that, for each 8 < o and
each p € A, clg(p) # A. Then A is not A% -stable provided that the following
conditions are satisfied.

(1) The ezistential diagram of A is recursive.

(2) For some notation a for a, the relations <g for 1 < 8 < a are uniformly r.e.
when indezed by {b: b <o a}.

(3) For the same notation a for a, there is a recursive procedure which chooses,
for each P, uniformly in a notation b <g a for 3, an element x € A for which

z & clg(p).

PROOF. We use the same terminology as for the proof of Theorem 1. Let a be
the notation for a given in assumptions (2) and (3), and let {d,) be a recursive
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sequence of notations for ordinals (3,) such that dy <¢ di1 <o --- <o a and
lim,, 8, = a. For simplicity we may assume that 8y > 2. Let v, = 8, + 1.

We define a special a-system w.r.t. (,) as follows. The nodes of the tree of level
n are those sequences of the form

(/‘Eg;; (mO) = kOa cey NEZ:;;; (mn-—l) = kn—l)

where the u? are symbols corresponding to the partial functions ¢%r and n =
((n)o, (n)1) is a recursive pairing function for which (n); < n.
A suitable label for such a node is a pair (f,z) for which f € P, z € A and

z ¢ clg, (ran(f)). A correct next label on the successor node (... ,uE:; (mn) = kn)

is a suitable label (g, y) such that g D f, a,, z € ran(g), b, € dom(f), and if m,, = z,
then g~!(z) # kn. The function F is again defined so that F\(f,z) No # @ if and
only if f is coherent w.r.t. o.

For 8 < a, we define (f,z) <5 (9,y) if f <3 g. The verification that the result is
a {(yn)-system is much as for the proof of Theorem 1.

The desired instruction is that which proceeds from a node of level n to the
successor node (..., “Eﬁ;; (z) = k) for which

fo 65 (e) if this is defined,
0 (say) otherwise.

Since d(,), <o co, we can find a Agn index for this value of k, so we have defined
a (n)-instruction. By Proposition 2, there is a correct labelling of this having an
r.e. adherent point giving, as in the previous proof, a recursive structure B and an
isomorphism f: B = A which is not Agn for any n.

COMMENTS ON THE PROOFS. Theorem 1 could instead be proved as in [1]
using “binary patterns” as labels for an a-system. The proof given here seems
simpler and, incidentally, shows that we could equally construct a recursive ‘B and
an isomorphism not in any uniform family of total A%, functions. On the other
hand, the method of [1] shows that the conditions of Theorem 1 can be weakened
to those given in [1]. Assumption (3) can be replaced by:

(3)’ There is a A function which assigns to each p an element of A — cl, (7).

A more complicated argument, following the proof of the Main Lemma, shows
that Theorem 2 can similarly be modified, replacing assumption (3) by

(3)" There is a A9 function which yields, for each 7 and each notation b <y a
for 3, an element of A — clg(p).

3. Infinitary formulae. We define the £, andIl, formulae of L, ., as follows.
The ¥g and IIp formulae are the quantifier-free formulae of L,,,,. The £, formulae
are those of the form Vne s 3, ®n where each ¢, as in I, formula and g, is a finite
sequence of variables. The I1,.; formulae are those of the form A . sV, ¢n where
each ¢, is a X, formula. If § is a limit ordinal, the 5 formulae are Vres ¢n where
each ¢, is ¥z for some § < § and the IIs formulae are /\ne s ®n where each ¢, is
I1g for some 3 < 6.

For a € O, we define the (recursive) £, and I, formulae and simultaneously,
by recursive transfinite induction, their Godel numbers. If a = 2 and if, for each
n € We, ¢e(n) = (in,Jjn) where 7, is a Godel number for a Il formula 8,, and j,
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is a canonical index for a finite sequence of variables g, then (a,e,0) is a Godel
number for the X, formula VnGWe 39,0,. Similarly, if instead each 7, is a Godel
number of a ¥, formula 6,, then (a,e, 1) is a Godel number for the II, formula
Anew, VUn0n. If a = 3.5% where ¢i(n) = a, and if, for each n, @¢(n) is a Godel
number for a ¥, formula 6, then (a,e,0) is a Gédel number for the ¥, formula
VneW, 0. If, instead, each 0, is II,, then (a,e, 1) is a Godel number for the II,
formula A, ¢y, On-

We define a recursive £, formula to be one which is X, for some a € O such that
|a| = a. We note that, similarly to §16.8 of [1], if |b| < |a| then we can effectively
find, from a Godel number of a ¥, formula, a Godel number of a logically equivalent
Yo formula.

We make the following definition as seeming a natural condition under which 2
will be AQ-stable.

DEFINITION. A formally A% enumeration of 2 consists of a finite sequence p
from A, an ordinal notation a € O for @ and a X0 set S of Gédel numbers for a set
of recursive ¥, formulae such that, if ¢,, denotes the formula with Gédel number
n, then, for each n € S, A E ¢,[c,p] for at most one element ¢ of A and for each
element c of A there exists at least one n € S such that A F ¢,]c, p].

COMMENT. Given a formally A9 enumeration of 2, we may convert it into one
for which S is recursive and such that, for each n € S, A F ¢,[c, p| for exactly one
c € A

It is easy to see that the existence of such an enumeration is a sufficient condition
for AQ-stability.

THEOREM 3. If a recursive structure A has a formally A% enumeration, then
A 15 AQ-stable.

PROOF. First we note that, by recursive transfinite induction, from a Godel
number for a recursive ¥, formula, we can compute an index for the ¥ relation
which it determines on a recursive structure.

Now suppose that ‘B is a recursive structure and f: B = A. Then for some
g € B we have f: (B,7) = (U,p) and f(c) = d iff there exists n € S for which
AF ¢nlc,p| and B F ¢,[d,g]. But this relation is £9, and so f is AY.

The results of §2 allow us to prove the converse of Theorem 3 under certain
assumptions. First, the following may be proved, substantially as for Lemmas 1
and 2 of [1].

LEMMA 5. Suppose that the relations <g on A for 1 < § < « are uniformly r.e.
when indezed by {b: b <o a} for some a € O with |a| = o and that the existential
diagram of A 1s recursive. Then, from each ¢ € A, we can effectively find a Godel
number for a recursive Il, formula ¢2 such that, for alld € A, ¢ <o d iff A F ¢2(d).

LEMMA 6. Under the same assumptions, if, for some P, clo(p) = A, then
has a formally A% enumeration.

Thus, the results of Theorems 1 and 3 may be combined as follows, using Lemma
6. We incorporate the improvements stated in §2.

THEOREM 4. Suppose that the existential diagram of A is recursive, that the
relations <g for 1 < 3 < a are uniformly r.e. when indezed by {b: b <o a} for
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some a € O where |a| = a and that the relation z € clo(p) 15 AY. Then A s
A9 _stable iff A has a formally AS enumeration.

Similarly, Theorems 2 and 3 give

THEOREM 5. Suppose that the existential diagram of A s recursive, that the
relations <g for 1 < 8 < a are untformly r.e., and that the relations x € clg(p) for
B < o are uniformly AY. Then 2 1is AO-stable iff A has a formally Ay enumeration
for some B < a.

This establishes the following result, involving only the notions of §2.

COROLLARY. Under the assumptions of Theorem 5, U is Ag-stable iff A s
AY-stable for some B < a.
B

Another re-statement of these results concerns the Scott rank of a structure
2. For sequences @ and b of the same length from A, define @ ~ b if there is an
automorphism of 2 which maps each entry of @ to the corresponding entry of b.
From several slight variations, we choose to define the rank of A to be the least
ordinal o for which, for each @ € A, there exists ¢ € A and 8 < a such that, for all
b,d of the same lengths as @,¢, if @,¢ <g b,d, then @ ~ b. Equivalently, the rank
is the least ordinal o such that, for each @ € A, there is a X, formula 6 such that
b~ @ iff A F O[b]. If the rank of 2 is e, then there exists a II,4; sentence ¢ such
that for each countable ‘B, B = 2 iff B F .

In the presence of our other assumptions a recursive structure 2 has a formally
A9 enumeration iff, for some p, the structure (2, p) has rank at most a and is rigid,
that is, has no automorphism other than the identity function. Thus we have:

THEOREM 6. Under the assumptions of Theorem 4, A 1is A -stable iff, for some
finite sequence p from A, (A,P) s rigid and has rank at most .

Similarly, under the assumptions of Theorem 5, A is Ag-stable iff, for some finite
sequence P from A, (,P) is rigid and has rank strictly below a.

COMMENT. The statement of Theorem 6 could be varied using the facts that if
2 has 2%° automorphisms then so has each (2,p), while if 2 has fewer than 2%°
automorphisms then, for some p, (2, ) is rigid.

HYP-STABILITY. A final notion along the lines of this paper would be to define
the recursive structure A to be Hyp-stable if, for each recursive B = A, every
isomorphism from B to U is hyperarithmetical, that is, AQ-recursive for some
a < w{K. However, this matter is quickly disposed of, using the results from [4]
that the rank of a recursive structure is at most w{'¥ and that if its rank is equal
to w{ K, then the structure has 2% automorphisms.

Thus, if 2 has rank w{'¥, then 2 is not Hyp-stable. Now suppose that the rank
of A is a < w{X. From the definition of rank, we have @ <, b = @ ~ b. Without
further assumptions, we do not have the conclusion of Lemma 6. However, we can
show instead, by recursive transfinite induction, that, uniformly in @ € A and a
notation for a limit ordinal §, one can find a Godel number for a recursive Il 2,
formula ¢ such that @ <si, b iff A F ¢[b]. Thus, if (%,p) is rigid, then A has a
formally A9, ., enumeration, and so by Theorem 3 is A, -stable. We have
shown the following theorem.
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THEOREM 7. A recursive structure 2 is Hyp-stable iff A has fewer than 2%°
automorphisms. In this case, if the rank of U is & + n, where 6 15 a limit ordinal
or zero, then A is A, . ,-stable.

4. Examples. For many examples of recursive algebraic structures, such as
Boolean algebras and abelian groups, the relations <, can be shown to be uni-
formly recursive. However, those examples of this kind which we have considered
and which have infinite rank also have 2®° automorphisms and so do not provide
examples of AQ-stable structures for « infinite. [They do provide examples of
AY-categorical strucrtures, but this is not our present topic.] We may, however,
illustrate the notions of this paper by considering briefly the structures (@, <) and
their expansions. These will always be rigid and have arbitrarily large ranks.

We make the following definition.

DEFINITION. A recursive structure is strictly A9 -stable if it is AO-stable and
notA%-stable for any g < a.

We comment that this notion depends only on the classical isomorphism type of
the structure, and that in view of Theorem 7, every recursive structure with fewer
than 2%0 isomorphisms is strictly A%-stable for some unique o < w{¥. In all our
examples, by Theorem 2 and its consequences, the structures which are strictly
A%-stable for some limit ordinal « are also not A-stable.

In what follows, 6 will always denote a limit ordinal or zero and n will denote a
finite ordinal.

EXAMPLE 1. In the case where A = (a, <) for some ordinal number «, we
note that, if @ <, b for 4 > 1, then the elements of the sequence @ will be in
the same order as those of b. We need therefore consider only the case where
@ =01,a2,...,an, a1 < a2 <+ < an, b=1by,ba,... by, and by < by < -+ < by,
and we may easily see that the relation @ <., b depends only on the order types of
the intervals [0,a;), [a1,a2),...,[an,o0), and those of the corresponding intervals
for b.

So we introduce the corresponding relations <. between ordinal numbers, in-
cluding 0, and so between well-ordered sets. Let « <; B if a = 8 = 0 or if
a is infinite and B > 0 or if o is finite and 0 < 3 < a. Define o < 41 B
if, whenever 8 = By + 1+ 31 + 1+ -+ + 1 + B, then there exist o; such that
a=op+1+a;+1+-+1+4an, and a; > B; for 0 <1 < m. Define o <5 3
to hold for a limit ordinal ¢ if & <., § for all v < 6.

Now we may show, by transfinite induction on =, that if a; < as <--- < a, and
by <bg < --- < by, thena <, biff [0,a1) <4 [0,b1), [an,0) <y [bn,00) and for
1<i<n, [ag,ai41) <y [bibiv1)

It remains to find the conditions for which a <, B3, which may be verified by
transfinite induction. We note that each a may be written as a finite decreasing sum
a =Y wé-m¢ where each m¢ < w and also, for each ¢, we may put & = wé-ag+pe
where pe < wé. [Thus wé - ag = ), 5w -my and pe = 3, w" - my, with the
sums again taken in decreasing order.] Similarly, let 3 = 3" w® - n¢ and for each £
let B = w¢ - B¢ + o¢ where each n¢ < w and each o¢ < w¥.

LEMMA 7. (i) Ify = 6+2n+1, then o <. B iff one of the following conditions
hold.
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(a) a=p, (b) Ps4n = Os4n, Csint1 > 1, and Bsyn # 0, (C) Po+n = Ob+n,
Q54nt+1 = Bs4nt1 =0, and msyn > nsppn > 0.
(i) Ify=6+2n+2, then a <, B iff either
(a) @ =B, or (b) ps+n = Os4n, s4n+1 > 1, Botnt1 > 1, and M1 > Ng4n.
(iii) If y =6 #0, then a <, B uff either
(a) a =g, or (b) ps = 05, as > 1, and s > 1.

To use Theorems 1 and 2, we must also examine the sets cl,(a). It is sufficient
to consider only the cases where o is of the form wé. Then from Lemma 7 we may
show the following.

LEMMA 8. (i) In (w¥*™,<) forn > 1, § + n > 2 we have cls42,(D) = W
while, for all @, max{a;} +w®™™ "1 & cls12,-1(a).

(ii) In (w®, <) for 6 # 0 we have cls(D) = w® while, for all @ and all v < §, we
have, for example, max{a;} + w? & cl,(@).

Thus, from (i), if § < w{¥ then by Lemma 6 (w®*", <) has a formally A ,,
enumeration and so is AJ , -stable. But, also from (i), for each p, w®*™ #
cls+2n—1(P), which will show that (w®*™, <) is not A, _,-stable provided that
the conditions of Theorem 1 can be satisfied. This presents no difficulty since for
each notation a € O for a < w{® we may convert {b€ 0: b <o a} to a recursive
well-ordering of type w® by the process of exponentiation. That is, we let each
sequence by,...,b, for which a >¢ by >¢ by >¢ -+ >¢ b, represent the ordinal
WPt 4+ WP 4 ... 4 WP~ where B; = |b;|. For this ordering it is clear from Lemma 7
that each relation <, is recursive, uniformly in the notation ¢ <o a for 4. Thus
condition (2) and similarly, by Lemma 8(i), condition (3) of Theorem 1 are satis-
fied. Condition (1) is also satisfied since, in this ordering, the successor relation is
recursive.

In the same fashion, from Lemma 7 and Lemma 8(ii), we see that (w%,<) is
AY-stable but not AQ-stable. Ordinals not of the form w¢ are nevertheless finite
sums of such ordinals and each summand can be treated separately. So we obtain
the following.

THEOREM 8. If w®t™ < a < wbt™*! where 6§ + n < 2, then (a, <) is strictly
AY o, -stable.

The result also holds for § + n = 1, using Goncharov’s Theorem, described in
(1].

EXAMPLE 2. For structures of the form (a, <, S) where S is the successor rela-
tion, several shortcuts are possible. For example, by arguing in terms of formulae,
we can show that @ <, bin (a,<,S) iffa <;44 bin (@, <). So using the methods
of Example 1 we have

THEOREM 9. If w!t+" < o < wlHé+n+1 yhere § +n > 0, then (a, <, S) is
strictly A9 5. 5, -stable.

EXAMPLE 3. Similarly, for structures (o, <,S, L) where L is the set of limit
ordinals, we have @ <, bin (o, <,S,L) iff @ <34~ bin (o, <).
This leads to the following theorem.
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THEOREM 10. Ifw'tdtn < o < w'T4n+1 yhere § + n > 1, then (o, <, S, L)
is strictly A ,,-stable. [For a <w?, (o, <, S, L) is AY-stable.]

EXAMPLE 4. For structures of the form (a, <, +), it is clearly preferable to
proceed indirectly. We may first [by careful economy with quantifiers] show that in
such a structure the set P¢ of ordinals of the form w B is given for each £ by an
infinitary recursive 19 ,,, formula, where £ = § +n [except that Py is I19] and that
the successor relation S¢ relative to P¢ is given by a recursive Il 2,4 formula.
This shows that the structure (w‘*’“"“, <, +) has a formally A, . , enumeration
and so is A, . ,-stable.

To show that this structure is strictly A, ,-stable, we may use Example 1.
Since w®*n ! is strictly A9, ,,, ,-stable, there exist recursive orderings of type
w7+ which are not A isomorphic. As in Example 1, these may be con-

5+2n+1 p y

verted by exponentiation to structures of isomorphism type (w“’ﬁﬂ"+l ,<,+), and
these structures cannot be AJ_ ,, . -isomorphic. [Note, however, that this trans-
formation may be used only in this direction, since in a recursive structure of type
(o, <, +), the elements corresponding to the ordinals w® may not be recursive.] By
similar arguments we have the following.

THEOREM 11. If w®t™ < o < WO+l where 6 +n > 1, then (w®, <, +) s
strictly A9, -stable. [For a < w, (w*,<,+) 15 A-stable.]

EXAMPLE 5. For structures of the form (o, <, +, ), the existential diagram will
not be recursive, so Theorems 1 and 2 as given will certainly not apply. We may,

wétn
however, follow Example 4 and show that (w* ,<,4+,") has a formally A, ,,
enumeration and then apply the same exponentiation construction again, using the
§+n . . H
fact that (w* "<, +) is strictly AQ, ,,-stable, to show the following.

THEOREM 12. Ifw®t" < a < w?tntl where 6 + n > 1, then (W, <,+,-) is
strictly A, 4, -stable. [For a < w, (w*°,<,+,-) is AY-stable.]

5. Conclusion. The equivalence of A%-stability to the existence of a formally
AQ enumeration does seem to require further assumptions. A counter-example
along these lines for & = 1 was given by Goncharov in [5]. The author does not
know at this stage whether the conditions of Theorems 1 and 2 can be significantly
weakened. Certainly there are many counter-examples yet to be constructed.

The constructions of §1 can also be applied to the notion of AQ-categoricity.
These results will be given in [2]. E. Barker has obtained results concerning the
topic of “intrinsically 9" relations, which will be given in [3].
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